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We investigate the E � e Jahn-Teller �JT� system when both linear and quadratic couplings are included and
when it is subjected to external symmetry-lowering distortions. Such distortions could, for example, be due to
intrinsic molecular geometry, strains applied to a cubic crystal, and as the result of cooperative interactions
between different JT centers. It is well known that the lowest adiabatic potential-energy surface consists of a
warped trough containing up to three minima depending on competition between the symmetry-lowering
distortion and the quadratic coupling. The motion of the system can be divided into a vibration across the
trough and a hindered pseudorotation around the trough. We will construct an analytical form for the wave
function involving electronic, vibrational, and pseudorotational contributions that is valid for a wide range of
coupling strengths. The wave function is then used to calculate the energy of the ground state of the system.
The results are compared to those from a numerical Lanczos diagonalization procedure. We find that in strong
linear coupling there tends to be very little dependence on either the strength of the distortion or the value of
the quadratic coupling constant. This is not true for weaker linear coupling. We show that much of the behavior
of the system can be deduced from analyzing the form of the potential, so that it is not necessary to perform
a complete analysis of the wave functions and their energies.
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I. INTRODUCTION

The electron-phonon interaction in a molecule or a crystal
often plays a crucial role in many of the observed phenom-
ena in physics. Of particular importance is the Jahn-Teller
�JT� effect,1 in which the electron-phonon interaction will
take a system to a more stable configuration by lowering the
symmetry and, hence, the degeneracy of that system. The
stable configurations can be associated with minima in the
lowest adiabatic potential-energy surface �APES�. In fact,
quantum tunneling between the minima usually restores the
original symmetry in isolated atoms and molecules. This is
known as the dynamic JT effect. However, some systems
may have a lower symmetry due to other factors. The shape
of some molecules may result in a small intrinsic distortion
from a higher symmetry. For JT solids, applied or induced
strains can produce symmetry-lowering distortions. Interac-
tions between different JT centers in the cooperative JT ef-
fect �CJT� �Ref. 2� can also cause a net symmetry lowering.
For simplicity in this paper, we will call all external
symmetry-lowering distortions “strains,” irrespective of the
origin of the distortions. This is not restricted to strain in a
mechanical sense.

The CJT is believed to affect the electronic properties of
materials in a number of different ways. Some compounds
undergo a phase transition from an undistorted configuration
at high temperatures to a state where distortions are locked in
place at low temperatures,3 causing changes in the shape of
the solid in question. This is especially important in materials
where the JT distortion is large, such as in the LaMnO3
compounds4,5 and in spinels.6 Other examples of much inter-
est, particularly at low temperatures, are the fullerene com-
pounds involving the C60 molecule. In the solid state, inter-
actions between different C60 molecules can lock distorted
centers in place.7

In this paper, we will look at the effects of symmetry-
lowering distortions in E � e JT systems, in which a twofold-

degenerate electronic E state is coupled to a doubly degen-
erate e vibrational state when both linear and quadratic
couplings are taken into account. Physically, the E � e sys-
tem can represent triangular molecules such as Na3 �Refs. 8
and 9� or complexes such as NaCl:Rh2+ �Ref. 10�.
Cu�H2O�6

2+ ions in Cu2+-doped Zn�H2O�6�GeF6�, Tutton
salts M2Zn�H2O�6�SO4�2 �M=K+, Rb+, NH4

+, and Cs+�, and
structural analogs can be modeled by an E � e JT system
perturbed by orthorhombic strains.11,12

The E � e system has been the subject of numerous stud-
ies for over 40 years.13–15 From a theoretical point of view, as
well as being an interesting system in its own right, the
E � e system is a model system for more complicated JT
systems. Some authors start with analytical formalisms16–21

while others use first-principle numerical or Lanczos diago-
nalization methods.12,22 The numerical approaches may pro-
vide good quantitative estimates of energies, but analytical
approaches provide more insight into the underlying physics
by expressing the associated wave functions in a physical
form.23

In a previous paper,24 we investigated the case of strain in
the E � e system when only linear JT coupling is considered.
In this case, the lowest APES is the well-known so-called
Mexican hat potential, in which the minimum points form a
continuous trough. The motion of the system will consist of
vibrations across the trough and pseudorotations around the
trough. The addition of a strain then warps the trough so that
the pseudorotations become hindered. Due to the symmetry
of the Mexican hat, strains in different directions will pro-
duce results equivalent to each other. However, when qua-
dratic coupling is included, this is only the case when the
strain is sufficiently strong compared to the quadratic cou-
pling that a single point on the trough becomes lowest in
energy. In all other cases, there will be a more complicated
hindered pseudorotational and vibrational motion.

Quadratic coupling warps the Mexican hat into a tricorn
with three equivalent minima �Fig. 1�a��. Following conven-
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tion, we will label the two components of the e mode � and
�. One of the minima is in the Q� direction and the other two
are at 120° to the Q� direction in the Q�-Q� plane. All direc-
tions are no longer equivalent and, away from the strong
strain limit, strains in different directions will have different
effects. The addition of a strain in the same direction as one
of the wells produced by the quadratic coupling, such as a
strain in the Q� direction, will cause that well to be lower in
energy than the other two. This is shown in Fig. 1�b�. A strain
of the opposite sign will lower the other two wells as shown
in Fig. 1�c�. For strains in all other combinations of Q� and
Q� directions, all equivalences between wells are lost and the
strain will result in three wells of different energies as shown
in Fig. 1�d�. It is therefore necessary to consider all strain
directions when considering the effects of both strain and
quadratic coupling. While this makes the mathematics of the
problem considerably more complicated, it also introduces a
different physics compared to the situation where the strain
is in the same direction as one of the wells.

Traditionally, quadratic coupling has been considered to
be the dominant mechanism for warping the trough in the
APES in the E � e problem. However, anharmonic terms �cu-
bic in the Q’s�, pseudo-JT effects, and other higher-order
interactions can also produce warping. In fact, there have
been recent suggestions that cubic anharmonic terms could
cause the largest contribution to the potential barriers be-
tween wells in NaCl:Rh2+ and triangular molecules such as
Ag3,10 although other later calculations have found little in-
fluence from the cubic contributions for Ag3.25 However,
these warping mechanisms will still result in three wells with
the only difference being in the shape of the potential surface
away from the minima. Thus our results provide a good in-
dication of the behavior with these other couplings also.

In this paper, we will show how an analytical form for the
wave function of any E � e system with linear, quadratic, and
non-cubic “strain” terms can be constructed. It follows on
from previous work in the strong JT coupling limit6 and
extends our previous work that did not include quadratic

couplings.24 The wave function contains contributions from
the electronic motion, vibrational motion across wells, and
motion that represents either a vibration or a hindered pseu-
dorotation in the direction of the trough in the Mexican hat
potential, depending on the strength of the different contri-
butions to the potential. We will then explore the potential
and wave function—illustrating how the competition be-
tween quadratic coupling and strain is evident for some pa-
rameter ranges, while for other ranges there is much less of
an effect. We will calculate the energy of the ground state of
the system using our wave function and show how much of
the dependence of the energy on the linear, quadratic, and
warping parameters could be deduced from a simple analysis
of the potential. The values for the energies will also be
compared to those obtained by solving the problem numeri-
cally using a Lanczos diagonalization technique.

II. HAMILTONIAN

Since the E � e JT problem involves two components
�� and �� of the vibrational e mode, the general Hamiltonian
for the quadratic system with strain should contain strain
terms in these two directions. The Hamiltonian describing a
specific molecule in an electronic basis ���,��� is thus

H = Hvib + Hint + WE��Q�
2 − Q�

2��� − 2Q�Q����

− w��� − w���, �1�

where

Hvib =
1

2�
�P�

2 + P�
2� +

��E
2

2
�Q�

2 + Q�
2� ,

Hint = VE�Q��� + Q���� . �2�

VE and WE are the linear and quadratic coupling constants,
respectively, and w� and w� are the strains in the � and �
directions of coordinate space, respectively. Q� and P� are,
respectively, the collective coordinates and corresponding
momenta for an intramolecular vibrational mode �= �� ,��.
wE is the frequency of the modes and � is the reduced mass
of the system. �� and �� are 2�2 matrices of Clebsch-
Gordon coefficients given by ��=�z /2 and ��=−�x /2,
where

�z = �1 0

0 − 1
�, �x = �0 1

1 0
� . �3�

This is an equivalent Hamiltonian to that used in Refs. 10
and 12 except that they include an additional anharmonic
term and the former defines their Q� to have opposite sign to
ours.

The Hamiltonian can be converted into a more convenient
form by adopting the set of transformations used by
Sato et al.21 This involves converting to the complex two-
dimensional electronic basis �	+,	−�, which is related to the
usual electronic basis ���,��� by

(a) no strain (b) θ strain

(c) θ strain (d) � strain

FIG. 1. �Color online� The energy of the lowest APES as a
function of Q� and Q�. �a� Three equivalent minima are formed with
linear and quadratic couplings. �b� and �c� Addition of a �-type
strain lowers either one or two of the wells �depending on its sign�.
�d� An �-type strain results in three wells with different energies.
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	+ =
1
�2

��� + i��� ,

	− =
1
�2

��� − i��� . �4�

Transforming to polar coordinates involving the radial and
angular coordinates 
 and �, respectively, where �Q� ,Q�	
=
�cos � , sin �	 and noting that P�=−i�� /�Q�, the Hamil-
tonian in matrix form is

H = 
−
�2

2�

�2

�
2 +
��E

2

2

2 −

�2

8�
2��0 +
L̂z

2

2�
2 −
w�

2
�x

−
w�

2
�y +

VE

2

� 0 e−i�

ei� 0
� +

WE

2

2� 0 e2i�

e−2i� 0
� ,

�5�

where

�0 = �1 0

0 1
�, �y = �0 − i

i 0
� , �6�

and L̂z is the z component of the angular-momentum opera-
tor. One further transformation of the form

S =
1
�2

�e−i�/2 e−i�/2

ei�/2 − ei�/2 � �7�

will transform the overall Hamiltonian into

H = 
−
�2

2�

�2

�
2 +
��E

2

2

2 −

�2

8�
2��0 +
1

2�
2�L̂z −
1

2
�x�2

+
VE

2

�z −

w�

2
�cos ��z + sin ��y�

−
w�

2
�sin ��z − cos ��y� +

WE

2

2�cos 3��z + sin 3��y� .

�8�

This is the same equation as in Sato et al.’s Eq. �7� with their
linear coupling constant g=VE /2 and with the addition of
quadratic coupling and strain terms.

The terms in �x and �y are off diagonal, which causes
mixing between the different APESs. These represent a
higher-order correction and therefore will be dropped. The
matrix form of the Hamiltonian in Eq. �8� then contains two
differential equations, which describe the motion on the
lower and upper APESs. As we are interested in the low-
lying states, which reside on the lowest APES, we only need
to study the equation

H = −
�2

2�

�2

�
2 +
1

2�
2 L̂z
2 + Ueff�
,�� , �9�

where

Ueff�
,�� =
1

2
���E

2
2 − VE
 + w� cos � + w� sin �

− WE
2 cos 3�� . �10�

Ueff is the potential used to illustrate the shape of the APES
in Fig. 1. When the �-type terms are set to zero �w�=0�, the
� dependence of Eq. �9� is equivalent to Eq. �10� of Ref. 6
and the additional potential terms are the same as in Eq. �2�
of Ref. 26.

III. DETERMINATION OF THE WAVE FUNCTIONS

In order to find suitable solutions to Eq. �9�, it is instruc-
tive to examine the form of the lowest APES, defined by Ueff,
and the resulting motion that is likely to arise. We have al-
ready noted that in the general case of the quadratic E � e
system with strain, there are three nonequivalent minima in
the APES �Fig. 1�d��. The positions of the lowest-energy
point depend on a competition between the strain and qua-
dratic coupling terms. In strong strain, the equilibrium posi-
tion can occur at a very different position from the positions
of any of the three minima in the absence of any strain. This
will be discussed again in more detail in Sec. VI.

Assuming that the barriers between the wells due to the
quadratic coupling and strain terms are such that we have a
hindered rotation around the trough and vibrations across it,
the total wave function ��
 ,�� comprises electronic, vibra-
tional, and pseudorotational components. As Eq. �9� repre-
sents coupled equations, it is not possible to write down
separate expressions for the different components of the mo-
tion without any approximations. We therefore note that
when strain is added to the linear coupling problem, the dis-
tance of the minimum-energy point from the origin is, to a
first approximation, the same as the radius of the trough in
linear coupling only.24 If we assume that the radius of the
minimum-energy point is unaltered by strain, it is possible to
treat the value of 
 in the part of the equations describing the
motion around the trough as a constant. This allows us to
separate the variables in the differential equation in 
 and �.
We will therefore make the same assumption here when
strain is added to a system with linear and quadratic cou-
plings. This means that minimum positions �or wells� in the
APES will occur at a radius


E =
VE

2��E
2�1 − WE��

, �11�

where WE� =WE /��E
2 is a dimensionless version of the qua-

dratic coupling constant WE.
The energy of the lowest points on the trough of the un-

distorted system with linear and quadratic couplings is called
−EJT, where EJT is the JT energy. With the above assumption
concerning separation into radial and transverse motion, EJT
can be determined by substituting 
=
E and �=0 into Eq.
�10�, giving

EJT =
VE

2

8��E
2�1 − WE��

. �12�

Also, we will denote the electronic, vibrational, and rota-
tional components of the total wave function by 	���, 
�
E�,
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and ����, respectively. Thus, with this assumption, ��
 ,��
can be written in the form

��
,�� = 	���
�
E����� . �13�

The electronic part of the wave function in the �	+,	−� basis
has the form24

	��� = −
1
�2

� e−i�/2

− e−i�/2 � . �14�

The vibrational part is governed by the classical harmonic-
oscillator differential equation

−
�2

2�

d2
�
�
d
2 +

��E
2

2

2
�
� = Evib
�
� �15�

and, with the assumption that we can write 
=
E for the
rotational motion, the rotational equation becomes

−
�2

2
E
2

d2����
d�2 +

1

2
�w� cos � + w�sin ������

−
WE

2

E

2 cos 3� ���� = E����� . �16�

Equation �15� for the vibrational equation has well-known
solutions. However, Eq. �16� for the rotational motion cannot
be solved analytically as it stands. However, it is possible to
find a series solution in cos�

2 and sin�
2 . Since the total wave

function is invariant under the transformation �→�+2�
and the electronic wave function changes sign, the rotational
part must be antiperiodic. This means that the series solution
must only involve odd powers, which leads to a solution of
the form

���� = �
n=0

� 
A2n+1 cos2n+1��

2
� + B2n+1 sin2n+1��

2
�� .

�17�

For �-type strains only, this is consistent with Ref. 6 which
carried out a numerical matrix diagonalization using basis
states involving cos��2m−1�� /2� and sin��2m−1�� /2�
�m=1,2. . .�.

Obviously it is not possible to continue the sum to infin-
ity; therefore, it will be truncated at n=18. This leads to a
sequence of wave functions with corresponding rotational
energies E�.

The total energy is

Ee =



0

2� 

0

2�

��
E,���H��
E,��d�d��



0

2� 

0

2�

��
E,�����
E,��d�d��

, �18�

and it depends on VE, WE, w�, and w�. Note that the effects of
quadratic coupling and strain are built into the rotational
wave function as it depends on the values of WE, w�, and w�.

As can be seen from Eq. �18� the formalism we use for
calculating the energy involves an integration using a wave
function that incorporates electronic, vibrational, and rota-

tional effects. This can be expected to give good results for
all strong and intermediate coupling strengths. It is different
to that used by Englman and Halperin6 who separately deter-
mine the energy of the vibrational motion across the trough
and then incorporate that energy as a constant �i.e., a term
independent of �� into a differential equation in �. This is
only valid for the limit of strong linear coupling.

IV. RESULTS

We will start by examining the lowest-energy rotational
wave function ���� and its relation to the effective potential
Ueff in Eq. �10� for fixed values of the dimensionless linear
coupling constant VE� =VE /����E

3 , the dimensionless qua-
dratic coupling constant WE� , and for different values of the
dimensionless distortion parameters w��=w� /��E and
w��=w� /��E. We can choose any 2� range of � to specify
the positions of these minima. We will choose a range from
−� to �. When there is no strain, quadratic coupling then
results in three equivalent minima in the APES at positions
given by �=0, −2� /3, and 2� /3. If the range from 0 to 2�
is chosen, then there will be a minimum at the end point of
the range, which will make plots of the APES as a function
of � more difficult to visualize.

We will consider first the effective potential when w��=0.
In the absence of any quadratic coupling, where there is a
trough of minimum-energy points with no strain, the point on
the trough at �=� will be pushed lowest in energy when w��
is positive and the point at �=0 lowest in energy when w�� is
negative. Therefore, when quadratic coupling is included, the
situation with a negative coefficient w�� is clear; both the
quadratic coupling and strain enhance a minimum at �=0.
This point therefore becomes an absolute minimum. There
are still minima near −2� /3 and 2� /3, but these are local
minima corresponding to a larger value of energy. This is
shown in Fig. 2�a� for w��=−0.2 �and w��=0� with a value of
linear coupling VE� =2 and a value of quadratic coupling
WE� =0.1.

When the coefficient w�� is positive, there is a competition
between the quadratic coupling and the strain. When the qua-
dratic coupling is sufficiently strong compared to the strain
to still have a strong effect, there will be two equivalent
global minima near −2� /3 and 2� /3. In this case, the
minima at �=0 are now only a local minimum. This is
shown in Fig. 2�b� for w��=0.2, w��=0, VE� =2, and WE� =0.1 as
before. There is also a displacement of the positions of the
minimum at −2� /3 toward −� and an equivalent displace-
ment of the minimum at 2� /3 toward �. In fact, when
w��=0, it follows from Eq. �10� that turning points in the
APES are at sin �=0 and positions � satisfying the equation

cos2 � =
w� + 3WE
2

12WE
2 . �19�

This shows that the displacement of the minima toward ��
will increase as the strength of the strain w� increases com-
pared to the product of the quadratic coupling WE and 
2
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until above w�=9WE
2, where there it becomes a single
minimum at ��.

The strain with coefficient w�� is in the Q� direction. Qua-
dratic coupling does not produce wells in this direction, and
there is no symmetry in the positions of the wells with re-
spect to this direction. When combined with quadratic cou-
pling, we will therefore have three nonequivalent local
minima. Figure 2�c� shows the result for the case w��=w��
=0.2 /�2. In this example, the minimum near −2� /3 is the
global minima and the minima near 0 and 2� /3 are local
minima.

We will now examine the rotational wave function ����
in relation to Ueff. It can be expected that the system is most
likely to be found in a distorted configuration corresponding
to the angles � that give minima in the APES. This means
that plots of ����2 should have maxima close to these posi-
tions. Figures 2�d�–2�f� show ����2 for the same parameters
used to plot Ueff in Figs. 2�a�–2�c�, respectively. Figure 2�d�
exhibits one peak at �=0 while Fig. 2�e� exhibits two peaks
close to �2� /3. The positions of these peaks are close to the
global minima in the APES for these parameters, as is to be
expected. In the case of Fig. 2�e�, the largest peak is near
−2� /3, which corresponds to the global minimum in the
APES, but there is also a subsidiary peak near +2� /3. This
corresponds to a local minimum in the APES and indicates
that, while there is no global minimum at this value, there is
still a small probability of finding the system in this configu-
ration.

Reference 26 obtained plots for the potential at fixed ra-
dius for �-type distortions only when considering Cu2+ ions
in K2ZnF4, which shows that either one well or two wells are
lowest with this particular strain direction depending on the
sign of the strain term. Similar features were noted in Ref. 6
for this type of strain. Reference 12 obtained plots for the
potential at fixed radius for specific parameter values rel-
evant to Zn�H2O�6�GeF6� and the Tutton salts. Their poten-
tials also show a competition between minima and our re-
sults are consistent with theirs. Reference 12 also gives
schematic representations of the vibronic wave functions.
These schematic sketches agree with our quantitative results.

We can further analyze the shape of ����2 by fitting the
results to three Gaussians. It is also necessary to build in
periodicity of 2� by translating values less than −� by +2�
and values more than +� by −2�. In all three cases, the
results fit three Gaussians centered near �=0 and �
= �2� /3 almost exactly. The results are shown as dashed
lines in Figs. 2�d� and 2�e�. For Fig. 2�f�, there is a Gaussian
centered near �=0 but it is too small to be observable in the
figure. The two peaks are themselves almost exact Gauss-
ians, so there are no additional curves to be displayed. The
results of the Gaussian fits indicate that, in all cases, there are
contributions to the wave function from all local minima in
the APES even if this is not obvious at first sight from the
shape of ����2.

As the driving feature of the above plots is a competition
between strain and quadratic coupling, it is useful to rep-

π π π π π π

(a) w�
θ = −0.2, w�

� = 0

π π π π π π

(b) w�
θ = 0.2, w�

� = 0

π π π π π π

(c) w�
θ = w�

� = 0.2/
√

2

π π π π π π

Φ

(d) w�
θ = −0.2, w�

� = 0

π π π π π π

Φ

(e) w�
θ = 0.2, w�

� = 0

π π π π π π

Φ

(f) w�
θ = w�

� = 0.2/
√

2

FIG. 2. �Color online� �a�–�c� Show the effective potential as a function of the angle � at radius 
E for three different values of the strains
w�� and w��. All of the plots are for VE� =2 and WE� =0.1. �d�–�f� show the square of the rotational wave function ���� for the same three
strains. �d� and �e� also show a fit of ����2 to three Gaussians, allowing for a periodicity of 2� in �.
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arametrize the strains w�� and w�� in polar form

w�� = w0 cos � ,

w�� = w0 sin � , �20�

where w0 represents the magnitude of the total strain and �
represents its direction �in coordinate space�. We can then
investigate variations in both the minimum in Ueff and in the
total energy of the system as a function of the strain angle �
for a fixed strain magnitude w0 �and fixed linear and qua-
dratic couplings�. The three cases considered in Fig. 2 corre-
spond to w0=0.2 and �=�, 0, and � /4, respectively.

We have already seen that the minimum in Ueff at �=0 is
enhanced by a negative �-type strain, which corresponds to
�=�. Similarly, the minimum at �=2� /3 is enhanced by a
strain with �=5� /3 and the minimum at �=−2� /3 is en-
hanced by a strain with �=� /3. The complete variation of
the minimum in Ueff with angle is shown in Fig. 3�a� for
VE� =2 and WE� =0.1 for the cases w0=0.2 and w0=4. Al-
though the actual values of the minima in Ueff depend on w0,
both cases exhibit the threefold periodicity expected from
our interpretation of three equivalent wells. The same is true
for other values of the coupling constants. As the value of the
linear coupling VE increases, the values of the minimum in
Ueff become more negative and the variation in the values
becomes smaller. For VE� =10 and WE� =0.1, the variation in
the value of the minimum in the potential is less than 0.4%.
Nevertheless, the pattern of the variation remains the same.

We will now calculate the energy of the lowest rotational
state associated with the ground vibronic state �zero-phonon
excitations�. Figure 3�b� shows Ee /��E versus the angle �
for w0=0.1, VE� =2, and WE� =0.1 as previously. The variation
in the total energy exhibits a similar behavior to the variation
in the potential Ueff. This is to be expected. It means that it is
possible to determine much of the behavior of the system
simply by examining Ueff, which is considerably simpler
than determining the total energy of the system.

We will now investigate the dependence of the results for
various cases with w��=0 on linear coupling VE� by plotting
the variation of the energy as a function of VE� for various
combinations of quadratic coupling and strain. If we plot the
energies themselves, the results are dominated by the VE

2 de-
pendence of EJT. It is therefore more instructive to show the
energies relative to an energy E� given by

E� = − EJT −
w�

2
, �21�

which is the energy of the lowest point on the APES when
w��=0 as given by Eq. �10�. We will also compare the results
with those obtained numerically using a Lanczos diagonal-
ization method. Lanczos methods are commonly used to
solve JT problems and, especially, for finding minimum ei-
genvalues corresponding to the ground state.12,26–30 Care
must be taken because rounding errors mean that simple
Lanczos algorithms may give erroneous results due to a lack
of orthogonality.31 The error can be removed by performing
a reorthogonalization of the Lanczos vectors at each recur-
sion but at the expense of a huge increase in computing time.

However, good results can be obtained using a selective re-
orthogonalization block Lanczos method. We have obtained
results using the Lanczos selective orthogonalization
�LASO� implementation which is a set of FORTRAN IV sub-
routines for computing a few eigenvalues of a large �sparse�
symmetric matrix.32 We have previously shown that there is
good agreement between the results of this method and ana-
lytical results for the linear E � e system.33

Figure 4 shows curves for the cases where w��=0.01, 1,
and 4 with w��=0 and WE� =0.1. The continuous lines show
the results using our analytical expression for the wave func-
tion and the squares show the results from the Lanczos di-
agonalization. Note that, in all cases, all graphs start from 1
at VE� =0, which is the correct value for a two-dimensional

π π π π π π

(a) Effective potential

π π π π π π

(b) Total energy

FIG. 3. �Color online� �a� Variation of the minimum in Ueff as a
function of the strain angle �. The magnitude of the total strain w0

is taken to be 0.2 �solid line� and 4 �dashed line�. The linear cou-
pling is VE� =2 and the quadratic coupling is WE� =0.1 in both cases.
�b� As for �a� but for the variation in the total energy Ee /��E.
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harmonic oscillator with no JT effect. As VE� increases, we
note that in the weak-coupling region smaller values are ob-
tained for larger values of strain. As we move to the strong
VE� regime, we find that the points all tend to the same value
�of around 0.519�; the results for larger values of linear cou-
pling VE� result in less sensitivity to strain.

From the form of the effective potential Ueff in Eq. �10�,
we can see that the strength of the quadratic coupling is
characterized by the factor WE
E

2 while the strength of the
strain is characterized by w� and w�. Also, Eq. �11� shows
that the radius of the trough 
E is proportional to the linear
coupling VE� . Therefore, as the value of VE� increases, the
effect of the quadratic coupling becomes more dominant
over the effect of the strain until the strain has negligible
effect. By VE� �10, there is no observable difference in the
results for different values of strain with either the analytical
or Lanczos results.

It can be seen that the agreement between the analytical
and numerical results is excellent in strong and weak cou-
pling. For intermediate couplings, the numerical results for
the energy differences �Ee−E�� /��E are slightly smaller than
with the analytical method. It has previously been shown that
for the linear E � e system, a discrepancy between analytical
and numerical results of a similar order of magnitude in in-
termediate coupling can be attributed to neglect of coupling
to the upper APES in the analytical method.20 Reference 12
also discusses the validity of neglecting coupling to the up-
per sheet. The same will be true for our results here, as
coupling to the upper APES was neglected in going from Eq.
�8� to Eq. �9�. The coupling to the upper APES could be
incorporated into our model. However, the model then be-
comes considerably more complicated and the advantage of
having an analytical model, in which the dependence on the
model parameters is clear, becomes lost. We therefore do not
attempt this here.

We have also investigated the variation of �Ee−E�� /��E
with VE� for negative values of w�� with w��=0. Figure 5 shows
the cases of w��=−0.01, −1, and −4 with WE� set to 0.1 as
before. Again, the effect of the strain is to reduce the energy
in the weak-to-intermediate regime. As we move toward the
strong-coupling regime, all the curves tend asymptotically to
the same value as with positive strains. This is again because
strain has negligible effect in the strong-coupling limit. Also,
the differences between the analytical and numerical results
are very similar to that for the positive strains.

If similar plots to those in Figs. 4 and 5 are made but for
a larger value of quadratic coupling �such as WE� =0.6�, then
we find that all of the results are almost independent of the
strain values chosen. This is consistent with our interpreta-
tion that as long as the quadratic coupling is strong enough to
generate three deep wells, the addition of an extra strain will
have a negligible effect. Furthermore, curves for different
values of quadratic coupling when the �-type strain w� is
fixed to be a large positive constant do not show any signifi-
cant differences between each other. This includes the case
of zero quadratic coupling. This is because the large strain
has generated a single deep well at the same position as one
of the three wells that are generated by quadratic coupling,
so adding quadratic coupling has no additional effect in this
case. The same argument holds when a strain is applied in
the same direction as either of the other wells.

We have restricted our observations to the ground vi-
bronic and rotational states. Similar conclusions also apply to
the higher excited states. For example, the results for the
first-excited vibronic state stem from a value of 2 and tend to
a value just above 1.5 rather than to 1 and just above 0.5 for
the ground vibronic states, reflecting the difference in zero-
point energies.

V. SUMMARY

In this paper, we have discussed the case of the E � e JT
system with linear and quadratic couplings and in the pres-
ence of additional symmetry-lowering distortions. We have

ε

θ

θ

θ

FIG. 4. �Color online� Plots of �Ee−E�� /��E versus VE� for
WE� =0.1 and different combinations of weak and strong strain for
the lowest ground rotational state associated with the ground vi-
bronic level. The continuous lines are the results of the analytical
calculation and the squares are results from a selective Lanczos
orthogonalization method. All cases tend asymptotically to a single
value at large VE� indicated by the dashed horizontal line.

ε

θ

θ

θ

FIG. 5. �Color online� As Fig. 4 but for negative values of
w��.
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considered combinations of two different non-cubic distor-
tions as all distortions are not equivalent when quadratic cou-
pling is included. Often, previous papers have considered
non-cubic distortions in the Q� direction only.6

Q�-type distortions enhance one of the minima formed by
quadratic coupling but does not alter the position of the mini-
mum. When Q�-type distortions are also included, the vibra-
tional and pseudorotational dynamics become considerably
more complicated. We have obtained analytical expressions
for the quantum-mechanical ground state that clearly illus-
trates this dynamics. Our results agree well with those ob-
tained from a Lanczos diagonalization method. Even better
agreement could be obtained by including coupling to the
upper APES, but this is not attempted here as the simplicity
of the form of the wave functions would be lost.

For weak quadratic coupling, we find that the area of
particular interest is the region of weak-to-intermediate lin-
ear coupling where the system reacts differently for the
strong and weak strains. In contrast, in the regions of strong
linear JT coupling, there is no observable dependence of the
results on the value of the strain. An explanation for this is
that the effective strength of the quadratic coupling is pro-
portional not only to the quadratic coupling constant but also

to the square of the linear coupling constant. When the ef-
fects of the quadratic coupling are strong, the motion of the
system is localized around one of three deep wells in the
APES. Strain has very little effect on these wells. Similarly,
when there is a strong strain in a direction that coincides with
one of the wells, the strength of the quadratic coupling has
very little effect on the results because the quadratic coupling
has little effect on the deep well generated by the strain.

The results in this paper help suggest the ranges of param-
eter values, for which it is a good approximation to neglect
either the quadratic coupling or non-cubic distortions in any
future studies. In addition, we have shown that much of the
behavior of the system can be deduced by examining a
simple algebraic expression for the effective potential. This
is considerably simpler than performing a complete analysis
of the wave functions and their energies.

The methods presented in this paper are applicable to sys-
tems of other symmetries such as the icosahedral JT problem
that models the fullerene anions. These systems are consid-
erably more complicated than the E � e system but similar
ideas should apply. The model we have developed can be
used as a starting point for the investigation of the coopera-
tive JT effect in such systems.
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